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Abstract

of the best known univariate decision tree algorithm
with discrete features [6].
One of the drawbacks of the L-ary splits is that
the training examples are separated into small subsets, which in turn gives us a poor predictor for
the unseen test instances. One can convert discrete
features having L > 2 diﬀerent values to L binary
features using 1-of-L encoding, this will result in
a larger tree than the former. Although there are
alternative approaches to handle the selection bias
that favors the attributes having many values over
those with few values [6], [4], those approaches can
not help if the attributes have nearly similar number of values. Another drawback of the univariate
decision trees with discrete attributes is that there
is only a single possible split for each discrete attribute. On the other hand, there are n − 1 di ﬀ erent possible splits for a continuous attribute, where
n represents the number of distinct values of that
continuous attribute.
To increase the number of distinct splits for
datasets with discrete attributes, we define kordering, where for each subset (size k) of the attributes, we combine them by generating all possible orderings of the values of those attributes exhaustively. Our approach as feature extraction can
be connected to PCA with three important diﬀerences, (i) we use discrete features, PCA uses continuous features, (ii) we use a subset of features, PCA
uses all of them (iii) we increase the dimensionality,
PCA reduces it. Then we apply the usual univariate decision tree algorithm using these orderings as
the new attributes. In this way, the number of distinct possible splits for each extracted feature will
be n1 ×n2 ×. . .×nk , where ni represents the number
of distinct values of the selected feature i.
This paper is organized as follows: We give the
definition of k-ordering in Section 2, its application to univariate decision trees in Section 3, give
experimental results in Section 4, discuss possible
extensions and conclude in Section 5.

In many pattern recognition applications, first
decision trees are used due to their simplicity and
easily interpretable nature. In this paper, we extract
new features by combining k discrete attributes,
where for each subset of size k of the attributes,
we generate all orderings of values of those attributes exhaustively. We then apply the usual univariate decision tree classifier using these orderings
as the new attributes. Our simulation results on
16 datasets from UCI repository [2] show that the
novel decision tree classifier performs better than
the proper in terms of error rate and tree complexity. The same idea can also be applied to other univariate rule learning algorithms such as C4.5Rules
[7] and Ripper [3].

1. Introduction
In pattern recognition the knowledge is extracted as patterns from a training sample for future prediction. Most pattern recognition algorithms such as neural networks [1] or support vector
machines [8] make accurate predictions but are not
interpretable, on the other hand decision trees are
simple and easily comprehensible. They are robust
to noisy data and can learn disjunctive expressions.
Surveys of work on constructing and simplifying decision trees can be found in [5] and [9].
Decision trees are tree-based structures where
each internal node implements a decision function, fm (x), each branch of an internal node corresponds to one outcome of the decision, and each
leaf corresponds to a class. In a univariate decision tree [7], the decision at internal node m uses
only one attribute, i.e., one dimension of x, xj . If
that attribute is discrete, there will be L children
(branches) of each internal node corresponding to
the L diﬀerent outcomes of the decision. ID3 is one
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2. k-ordering

Best-k-OrderingandSplit(m, k)
1 bestImpurity = ∞
2 bestSplit = bestOrdering = nil
3 for each feature permutation (s1 , . . ., sk )
4
foreach permutation p1 of values of xs1
5
...
6
foreach permutation pk of values of xsk
7
foreach split point sp = (v1 , . . . , vk )
8
if Impurity(sp, m) < bestImpurity
9
bestImpurity = Impurity(sp, m)
10
bestSplit = (v1 , . . . , vk )
11
bestOrdering = (p1 , . . . , pk )
12 return bestSplit, bestOrdering

Let x1 , x2 , . . ., xd be d discrete attributes of a
dataset D. Each attribute xi can have ni distinct
values which can be represented as vi1 , vi2 , . . ., vini .
Definition 1. For each k attributes xs1 , xs2 , . . .,
xsk from a d dimensional dataset D, k-ordering
is defined as the permutation list (p1 , p2 , . . ., pk ),
where pi is a permutation of values of the feature
si (a permutation of vsi 1 , vsi 2 , . . ., vsi nsi ).
For example, ((red, blue, green), (yes, no),
(large, extralarge, small, medium)) is a 3-ordering,
where selected k = 3 features have three, two
and four distinct values respectively. Note that
we can use both categorical discrete attributes
(such as red, green, blue) as well as nominal
discrete attributes (such as cold, neutral, warm,
very �warm) in defining the k-ordering. There
are
s1 ,s2 ,...,sk ∈1,2,...,d ns1 !ns2 ! . . . nsk ! distinct korderings of a d dimensional dataset. As an example, given a dataset with two dimensions having
values x1 = (red, green, blue) and x2 = (yes, no),
there are 8 (3! + 2!) and 24 (3! 2! + 2! 3!) distinct
1 and 2-orderings respectively.
We now define a relational operator between two
instances. Given a k-ordering of a dataset D and
two instances (x1 , x2 , . . ., xd ) and (y1 , y2 , . . ., yd )
from this dataset;
Definition 2. (xs1 , xs2 , . . ., xsk ) ≺ (ys1 , ys2 , . . .,
ysk ) if and only if xsi = ysi for i = 1, . . ., t ≥ 1,
and xst+1 comes before yst+1 in permutation pt+1 .
For example, given the 2-ordering ((red, blue,
green), (no, yes)), all possible values of the instances can be sorted as (red, no) ≺ (red, yes) ≺
(blue, no) ≺ (blue, yes) ≺ (green, no) ≺ (green,
yes).

3. Application to univariate decision
trees
We now apply k-ordering definition to find kordered splits in the univariate decision tree algorithm. The idea is as follows: At each decision node, we generate all possible k-orderings.
Since
each k-ordering defines a new attribute,
�
s1 ,s2 ,...,sk ∈1,2,...,d ns1 !ns2 ! . . . nsk ! new attributes
are generated. For each new attribute there are
ns1 . . . nsk distinct split points. For all attributes
and for all split points of those attributes, we calculate impurity and choose one that has the min-

Figure 1. The pseudocode of the exhaustive k-ordered best split search algorithm:
m: Decision node, k: parameter in the kordering
imum entropy. As usual univariate decision tree
algorithm, tree construction continues recursively.
The pseudocode for finding the best k-ordered
split at a decision node is given in Figure 1. First
we initialize best split and best k-ordering (Line
2). For each k-permutation of the attributes (Line
3) we generate all possible k-orderings. Instead
of generating all possible permutations of the values of the attributes beforehand, we traverse them
iteratively (Lines 4-6). As explained above, each
possible k-ordering defines a new attribute, so now
we can search the best split point for that new attribute (Line 7). If a split (k-ordering and the split
point for that ordering) has a smaller impurity than
the best impurity so far, we update best split, ordering and impurity (Lines 9-11).
For example, given the 2-ordering ((long, short),
(no, yes)), all possible split points will be (long,
no) ≺ (long, yes) ≺ (short, no) ≺ (short, yes). Let
say there are 5, 3, 2, 10 instances of class C1 and
2, 4, 5, 4 instances of class C2 having those values
respectively. Then the split point (long, yes) will
divide the instances into two where the left subtree
will have 5 + 3 = 8, 2 + 4 = 6 instances from classes
C1 and C2 respectively and the right subtree will
have 2 + 10 = 12, 5 + 4 = 9 instances from classes
C1 and C2 respectively.
Since we know which attributes are selected for
the k-ordering after step 3, we can exhaustively
make a table of counts for each k-ordering, where
there are counts for a split point v1 , v2 , . . . , vk .
Each count represents the number of instances who
has values v1 for feature s1 , v2 for feature s2 , etc.
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Table 1. Details of the datasets. d: Number of attributes, C: Number of classes,
N : Sample size, n/v: n attributes of the
dataset has v distinct values
Dataset
acceptors
artificial
balance
car
connect4
donors
hayesroth
krvskp
monks
nursery
promoters
spect
splice
tictactoe
titanic
vote

d
88
10
4
6
42
13
4
36
6
8
57
22
60
9
3
16

C
2
2
3
4
3
2
3
2
2
5
2
2
3
2
2
2

N
3889
320
625
1728
67557
6246
160
3196
432
12960
106
267
3175
958
2201
435

n/v
88/4
10/2
4/5
3/3, 2/4, 1/5
42/3
13/4
1/3, 3/4
35/2, 1/3
1/2, 3/3, 1/4
1/2, 4/3, 2/4, 1/5
57/4
22/2
60/4
9/3
2/2, 1/4
16/2

After filling this table, instead of counting which
instances fell to the left (or right) of a split point
(needed to calculate the impurity of a split point),
we just add the counts.
The computational complexity of the algorithm
is O(dk (N + ns1 !ns2 ! . . . nsk !ns1 . . . nsk )). Here
O(dk N ) is the time required to fill the table of
counts and O(dk ns1 !ns2 ! . . . nsk !ns1 . . . nsk ) is the
time required to search the best split using the table of counts.

4. Experiments
In this section, we compare the performance of
our proposed decision tree algorithm (K-tree) with
C4.5 in terms of generalization error and model
complexity as measured by the number of nodes in
the decision tree. We run our proposed algorithm
for k = 1, 2, 3, and 4. Since the time complexity of
the algorithm changes exponentially with the number of distinct values of an attribute (ni ), we run
the algorithm for the datasets with ni ≤ 5. We use
a total of 16 data sets where 14 of them are from
UCI repository [2] and 2 are (acceptors and donors)
bioinformatics datasets (see Table 1).
Our methodology in generating train, validation
and test sets is as follows: A data set is first divided
into two parts, with 1/3 as the test set, test, and 2/3

as the training set. The training set is resampled
using 2 × 5 cross-validation to generate ten training
and validation folds, trai , vali , i = 1, . . . , 10. trai
are used to train the decision trees and vali are used
to prune the decision trees using cross-validation
based postpruning. test is used to estimate the expected error of the decision trees.
Table 2 shows the average and standard deviations of error rates of decision trees generated using
C4.5, and K-tree algorithms with k = 1, 2, 3, 4. We
see from the results that, K-tree is significantly better than C4.5 in terms of error rate. In krvskp, car,
tictactoe, nursery datasets, K-tree has 3, 6, 5, 10
times better error rate compared to C4.5. In some
datasets such as acceptors, balance, monks, splice,
tictactoe increasing k also increases accuracy. On
the other hand, in other datasets such as hayesroth
increasing k may cause overfitting (although there
is pruning).
Table 3 shows the average and standard deviations of number of nodes of decision trees generated
using C4.5, and K-tree algorithms with k = 1, 2,
3, 4. Similar to the results above, in all datasets
except balance and spect, K-tree generates significantly smaller trees compared to C4.5. Especially
in donors, monks, nursery, and splice the K-trees
are at least 5 times smaller than the C4.5’s trees.
Without notably exceptions, as we increase k, the
tree complexity decreases. Note that, if you only
store the index of the new feature and the split
point as integers, the decision nodes of K-tree’s are
equally complex as the decision nodes of C4.5.

5. Conclusions
In this paper, we propose a new schema to order
a subset of k discrete attributes in decision trees.
Using all orderings of values of those k attributes as
new extracted features, we propose a novel univariate decision tree classifier. Our simulation results
on 16 datasets show that our proposed algorithm
performs better than C4.5 in terms of error rate
and tree complexity.
The same idea can also be applied to other univariate rule learning algorithms such as C4.5Rules
[7] and Ripper [3].
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